In this paper, we study the relations between the tribonacci matrix and the Pascal matrix. Furthermore, we define the tribonacci matrix and two new matrices, R n and A n . In addition, we use these two new matrices and a simple method to give two factorizations of the tribonacci matrix and the Pascal matrix. Also, we find some combinatorial identities from the matrix representation of the tribonacci matrix and the Pascal matrix.
Introduction
Fibonacci numbers cover a various interests in modern mathematics and applications in many fields of science and art. There are many articles that discuss the properties of Fibonacci numbers, the relations between Fibonacci numbers and the Pascal's triangle, the Fibonacci matrix, the Pascal matrix and the relations between the fibonacci matrix and the Pascal matrix can be found in so many articles and books.
Varnadore [10] discusses the relations between of Pascal's triangle and Fibonacci numbers, we have that the summing of each elements on the diagonals lines in the Pascal's triangle gives the Fibonacci numbers. Brawer and Pirovino [2] gives form of the matrix representation of the Pascal's triangle and discusses the form of a algebra of the Pascal matrix. Call and Veleman [3] defines the n × n Pascal matrix and their generalizations as a lower triangular Pascal matrix. Cheon and Kim [4] discusses the Pascal matrix and the Stirling matrix involving the Stirling numbers of the first kind and the Stirling numbers of the second kind.
In similar way as the Pascal matrix, Fibonacci numbers can also be represented in the form of a square matrix. Lee et al. [7] defines the n × n Fibonacci matrix and discuss a factorization of the Fibonacci matrix and the eigenvalues of the symmetric Fibonacci matrix. Lee et al. [8] discusses the relations between the Pascal matrix and the Fibonacci matrix, so obtained the following results: ∀n ∈ N , P n = F n L n . Different way of the Lee et al. [8] , Zhang and Wang [11] discusses the relations between the Pascal matrix and the Fibonacci matrix, so obtained the following results: ∀n ∈ N , P n = K n F n . Falcon [5] defines the k-th of Fibonacci matrix and discusses the relations between Pascal matrix involving the k-th of Fibonacci matrix and two new matrices.
On the other hand, a range kinds of generalizations of the Fibonacci numbers have been discussed in many articles. Tribonacci numbers are generalization of Fibonacci numbers. Tribonacci numbers that begin with T 0 = T 1 = 0 and T 2 = 1, then every subsequent term is obtained by adding the three preceding terms. Let T n be the n-th of tribonacci numbers. Thus, the tribonacci numbers T n defined by
Tribonacci numbers have been studied by many authors in numerous books and articles. Koshy [6, h. 527] claims that the tribonacci numbers originally was studied in 1963 by M. Feinbreg. Bozkurt et al. [1] discuss the determinant of the circulant matrix in which each entry of the circulant matrix are tribonacci numbers. Liu and Jiang [9] discuss various kinds of the circulant matrix and define the n × n tribonacci matrix circulant, as well as show the determinant and inverse of the n × n tribonacci circulant matrix.
In this paper, we discuss the relations between the tribonacci matrix and the Pascal matrix. In addition, we will define the tribonacci matrix and two new matrices that is, R n and A n . In a similar idea as in [8, 11] and by using these two new matrices, we will show two factorizations of the tribonacci matrix and the Pascal matrix. Also, we find some combinatorial identities from the matrix representation of the tribonacci matrix and the Pascal matrix.
Some Preliminary Result
In the section, some definitions and preliminary result are given, will be used in this paper. Pascal's triangle can be represented as a square matrix, i.e. as Pascal matrix. Brawer, Call [2, 3] gives definition for the Pascal matrix as follows.
Definition 2.1 [2, 3] For every n ∈ N , P n be the n × n Pascal matrix defined with entries P n = [p i,j ] for every i, j = 1, 2, 3, · · · , n, where
In similar way as the Fibonacci numbers, tribonacci numbers can also be represented in the form of a square matrix. Then, with a similar idea by defined the Fibonacci matrix and with analyze the ideas of the articles [7] , it will be defined the n × n tribonacci matrix as follows.
Definition 2.2 For every n ∈ N , the n × n tribonacci matrix defined with entries T n = [t i,j ] for every i, j = 1, 2, 3, · · · , n, where
From the definition of (2.2), we have the tribonacci matrix T n is a lower triangular matrix. Since the tribonacci matrix T n is a lower triangular matrix and the elements of the main diagonal of T n is 1, we have that det(T n ) = 0. Therefore, the tribonacci matrix T n is invertible.
Thus, in a similar idea as in [8] , the n × n inverse matrix of the tribonacci matrix T n defined as follows.
n be the n × n inverse matrix of the tribonacci matrix defined with entries T −1 n = t i,j for every i, j = 1, 2, 3, · · · , n, where
The Main Results
In this section, we give two factorizations of the tribonacci matrix and the Pascal matrix involving two new matrices, R n and A n .
First Factorization of the Tribonacci Matrix and the Pascal Matrix
In a similar idea as in [8] , we will defined the matrix R n , we have the relations between the tribonacci matrix and the Pascal matrix as follows.
Definition 3.1 For every n ∈ N , R n be the n × n matrix defined with entries R n = [r i,j ] for every i, j = 1, 2, 3, · · · , n, where
From the definition of (3.1), we see that
Using the definition of P n as in (2.1), T n as in (2.2) and R n as in (3.1), we can derive the following theorem.
Theorem 3.2 If R n be the matrix defined as in (3.1) and the tribonacci matrix T n be the matrix defined as in (2.2), then the Pascal matrix P n may be written in the form P n = T n R n .
Proof: Since the tribonacci matrix T n is invertible, then we will prove that T −1 n P n = R n . Let T −1 n be the inverse matrix of the tribonacci matrix T n defined as in (2.3). Hence for P n = T n R n , may be written in the form
(5) Then, note that the left-hand side in the equation of (5), since matrix T −1 n and matrix P n are lower triangular matrix and the elements of the main diagonal of matrix T −1 n and matrix P n are 1, then their product has also 1 there and a lower triangular matrix as well. Thus, note that the right-hand side in the equation of (5), r i,j = 1 if i = j and r i,j = 0 if i > j. Moreover, for every i > 2, and by (2.3) and (3.1), we have r i,j = n k=1 t i,k p k,j . Therefore, we have T −1 n P n = R n , the proof is completed. So, for every n ∈ N and we defined the matrix R n and the matrix T n , we have P n = T n R n .
From the theorem of (3.2), we have that combinatorial identity involving the tribonacci numbers as follows. Corollary 3.3 For every 1 ≤ k ≤ n and n ≥ j, we have that
Proof: Note that for the entry of p n,j in the matrix P n = T n R n is of the form p n,j = t n,k r k,j = n k=j T n−k+2 r k,j .
So that from the equation of (7), then the equation of (6) the following holds.
In particular, if for j = 1, with attention to each entry of the first column of the matrix R n and for p n,j = p n,1 , we have
If for j = 2, with attention to each entry of the second column of the matrix R n and for p n,j = p n,2 , we have
And so we arrive at the next result. From the definition of R n , we have the inverse matrix of R n defined as follows.
Definition 3.4 For every n ∈ N , R −1 n be the n × n inverse matrix of R n defined with entries R −1 n = r i,j for every i, j = 1, 2, 3, · · · , n, where
From the definition of (3.4), we see that r i,j = 1, ∀i = j and ∀j ≥ 2, r i,j = r i−1,j−1 − r i−1,j .
Using the definition of P n as in (2.1), T n as in (2.2) and R −1 n as in (3.4), we can derive the following theorem. be the matrix defined as in (3.4) and the Pascal matrix P n be the matrix defined as in (2.1), then the tribonacci matrix T n may be written in the form T n = P n R −1 n . Proof: It is enough to prove that P −1
n , in similar way as on the theorem of (3.2).
Second Factorization of the Tribonacci Matrix and the Pascal Matrix
In a similar idea as in [11] , we will defined the matrix A n , we have the relations between the tribonacci matrix and the Pascal matrix as follows. Definition 3.6 For every n ∈ N , A n be the n × n matrix defined with entries A n = [a i,j ] for every i, j = 1, 2, 3, · · · , n, where
From the definition of (3.6), we see that a 1,1 = 1, r 1,j = 0, ∀j ≥ 2;
, ∀i ≥ 2 and ∀j = 1; and ∀i, j ≥ 2, then
Using the definition of P n as in (2.1), T n as in (2.2) and A n as in (3.6), we can derive the following theorem.
Theorem 3.7 If A n be the matrix defined as in (3.6) and the tribonacci matrix T n be the matrix defined as in (2.2), then the Pascal matrix P n may be written in the form P n = A n T n .
Proof: Since the tribonacci matrix T n is invertible, then we will prove that
n be the inverse matrix of the tribonacci matrix T n defined as in (2.3). Hence for P n = A n T n , may be written in the form
(10) Then, note that the left-hand side in the equation of (10), for every i ≥ 1, we have
= a i,1 . And for every i ≥ 1 and j ≥ 2, we have
Therefore, we have P n T −1 n = A n , the proof is completed. So, for every n ∈ N and we defined the matrix A n and the matrix T n , we have P n = A n T n .
From the theorem of (3.7), we have that combinatorial identity involving the tribonacci numbers as follows.
Corollary 3.8 For every 1 ≤ k ≤ n and n ≥ j, we have that
Proof: Note that for the entry of p n,j in the matrix P n = A n T n is of the form p n,j = a n,r t r,j = n r=j a n,r T r−j+2 ,
So that from the equation of (12), then the equation of (11) the following holds.
In particular, if for j = 1, with attention to each entry of the first column of the matrix A n and for p n,j = p n,1 , we have
If for j = 2, with attention to each entry of the second column of the matrix A n and for p n,j = p n,2 , we have
And so we arrive at the next result. From the definition of A n , we have the inverse matrix of A n defined as follows.
Definition 3.9 For every n ∈ N , A −1 n be the n × n inverse matrix of A n defined with entries A −1 n = a i,j for every i, j = 1, 2, 3, · · · , n, where
From the definition of (3.9), we see that a i,j = 1, ∀i = j; ∀j = 1, a i,1 = i k=1 (−1) k+1 T i−k+2 and ∀j ≥ 2, a i,j = a i−1,j−1 − a i−1,j . Using the definition of P n as in (2.1), T n as in (2.2) and A −1 n as in (3.9), we can derive the following theorem. n be the matrix defined as in (3.9) and the Pascal matrix P n be the matrix defined as in (2.1), then the tribonacci matrix T n may be written in the form T n = A −1 n P n . Proof: It is enough to prove that T n P −1
n , in similar way as on the theorem of (3.7).
Conclusion
In this paper, we define the tribonacci matrix and two new matrices, R n and A n . In addition, we use these two new matrices and a simple method to give relations between the tribonacci matrix and the Pascal matrix. Same approach can be applied for the k-tribonacci matrix and the generalized tribonacci matrix.
